Abstract. We prove an inequality between Hilbert functions of local cohomology modules supported in the homogeneous maximal ideal of standard graded algebras over a field, within the framework of embeddings of posets of Hilbert functions. As a main application, we prove an analogue for local cohomology of Evans' Lex-Plus-Power Conjecture for Betti numbers. This results implies some cases of the classical Lex-Plus-Power Conjecture, namely an inequality between extremal Betti numbers. In particular, for the classes of ideals for which the Eisenbud-Green-Harris Conjecture is currently known, the projective dimension and the Castelnuovo-Mumford regularity of a graded ideal do not decrease by passing to the corresponding Lex-Plus-Power ideal.
Introduction
The Eisenbud-Green-Harris (EGH) and Evans' Lex-Plus-Power (LPP) conjectures are two open problems in Algebraic Geometry and Commutative Algebra which are challenging and of great interest to researchers in these fields, cf. [EiGrHa1] , [EiGrHa2] , [MePeSt] , [MeMu] , [FrRi] , [Pe] , [CaMa] , [Ch] , [Fr] , [Ri] , [RiSa] . The survey [PeSt] , which includes the two conjectures above, might offer the interested reader an overview of questions which are currently considered to be significant for the classification of Hilbert functions and the study of modules of syzygies. A milestone on this subject is yielded by the work of Macaulay, cf. [Ma] or the dedicated sections in [BrHe] , where the sequences of numbers which are possible Hilbert functions of standard graded algebras over a field are characterized, the characterization having made possible by the introduction of a special class of monomial ideals called lexicographic ideals (lex-segment ideals for short). More precisely, all the possible Hilbert functions of standard graded algebras over a field are attained by quotients of polynomial rings by lex-segment ideals. In the 60's, some forty years after Macaulay's work, Kruskal-Katona Theorem [Kr] , [Ka] provided another fundamental classification result, that of f -vectors of simplicial complexes, and shortly after it was generalized by the ClementsLindström Theorem [ClLi] . Both Kruskal-Katona and Clements-Lindström Theorems extend Macaulay Theorem from graded quotients of A = K[X 1 , . . . , X n ] to graded quotients of R = A/a, where a = (X Since then, the conjecture has been proven only in some special cases, cf. [CaMa] , [Ch] and [FrRi] . Furthermore, starting in the early 90's, lex-segment ideals -and other monomial ideals with strong combinatorial properties -have been studied extensively; properties of lex-segment ideals have been generalized and studied also in other contexts, see for instance [ArHeHi1] , [ArHeHi2] , generating a very rich literature on the subject. Among other results of this kind, we recall the following ones. The lex-segment ideal in the family of all homogeneous ideals with a given Hilbert function has largest Hilbert functions of local cohomology modules, which was proved in [Sb] . Also, it has largest graded Betti numbers, as it was shown [Bi] , [Hu] and [Pa] . In a different direction these are other extensions of Macaulay's result. Evans' Lex-Plus-Power Conjecture extends in this sense the Eisenbud-Green-Harris Conjecture to Betti numbers, by asking whether, in case EGH holds true, a Bigatti-Hulett-Pardue type of result holds as well, i.e. LPP: Suppose that a regular sequence f verifies EGH; then the graded Betti numbers over A of every homogeneous ideal I containing f are smaller than or equal to those of L + (X
The conjecture is known in some few cases, the most notable one is when f is a monomial regular sequence, which is solved first in [MePeSt] when d 1 = · · · = d r = 2 and then in general in [MeMu] . We now take a step back, and recall that the graded Betti numbers β Hilb Tor
, for all i. In this paper we study analogous inequalities for Hilbert series of local cohomology modules. Let H i m (•) denote the i th local cohomology module of a graded object with support in the graded maximal ideal. One of our main results is Theorem 4.4, where we show that, if the image of f in a suitable quotient ring of A satisfies EGH (as it does in all the known cases [ClLi] , [CaMa] , [Ch] and [Ab] ) then for all homogeneous ideals I of A containing f
Our approach makes use of embeddings of Hilbert functions, which have been recently introduced by the first author and Kummini in [CaKu1] with the intent of finding a new path to the classification of Hilbert functions of quotient rings. Since EGH may be rephrased by means of embeddings, as we explain in Section 2, it is natural to study inequalities of the above type in this generality. In this setting we prove our main result Theorem 3.1, which implies Theorem 4.4. We let R, S be standard graded K-algebras such that R embeds into (S, ǫ), see Definition 2.3. We also assume that, for all homogeneous ideals I of 
Finally, in Theorem 5.4 we prove LPP for extremal Betti numbers: under the same assumption of Theorem 4.4 for all homogeneous ideals I of A containing f and for all corners
). This paper is structured as follows. In Section 1 we introduce some general notation and we discuss the basic properties of certain ideals called Z-stable, together with all the related technical results needed, such as distractions. In Section 2 we provide a brief summary of embeddings of Hilbert functions and we recall in Theorem 2.2 a General Restriction Theorem type of result proved in [CaKu1] . This is aimed at setting the general framework for our main theorem and leads to the proof of Proposition 2.6, which is the other main tool we need. Section 3 is devoted to our main theorem, Theorem 3.1. We show there that if a ring R admits an embedding of Hilbert functions and its embedded ideals ǫ(I) maximize all the Hilbert functions of local cohomology modules H i m (R/•), the same is true for any polynomial ring with coefficients in R. In Section 4 we explain how to derive from Theorem 3.1 our main corollary, Theorem 4.4, a lex-plus-power type inequality for local cohomology which justifies the title. Finally, in the last section we prove the validity of LPP for extremal Betti numbers in Theorem 5.4 and we show in Theorem 5.5 an inclusion between the region of the Betti table outlined by the extremal Betti numbers of an ideal and the one of its corresponding Lex-Plus-Power ideal.
1. Z-stability 1.1. Notation. Let N be the set of non-negative integers, A = K[X 1 , . . . , X n ] be a polynomial ring over a field K and R = ⊕ j∈N R j = A/a be a standard graded algebra. We consider the polynomial ring R [Z] 
In particular,
The next result about Z-stable ideals will be used later in the paper.
Lemma 1.3. Let I and J be Z-stable ideals of R[Z] with Hilb (I)
Proof. Since i ≫ 0, we may assume that there is no generator of I or J in degree i and above. As in Remark 1.2 (a), we denote the vector space of all homogeneous polynomials in I of degree i by I i , and we write it as direct sum of vector spaces
Hence, we get a decomposition of the vector space I i+1 as direct sum
Similarly, we can write J i+1 as J i+1 ⊕ J i Z and now the conclusion follows easily from the hypothesis. 
It is not hard to see that
with the same Hilbert function as I, see [CaKu1] Lemma 3.16 and also [BiCoRo] for more information about general distractions of the polynomial ring A. To our purposes, it is important to notice that D (d,l) (I) can be realized in two steps as a polarization of I followed by a specialization. In order to do so, we first define J to be the ideal of
Notice that the Hilbert function of J is the same as the one of IR [Z, T ] . This implies that T − Z and T − l are R[Z, T ]/J-regular, and thus there exist isomorphisms
We now define a partial order ≺ on all the Z-graded ideals of R[Z] by letting 
Proof. We write I as h∈N I h Z h and we let d > 0 be the least positive integer such that 
where ω = (1, . . . , 1, 0), and thus without loss of generality we may assume that I is Z-graded. Let now I be the set of all Z-graded ideals of R [Z] with same Hibert function as I and J ∈ I be maximal -with respect to the partial order ≺ defined in (1.5) -among the ideals of I which satisfy Hilb
If it were not, by Proposition 1.6 there would exist a positive integer d and a linear form l such that J ≺ in ω (D (d,l) (J)). By (1.4) together with [Sb] Section 5, we have Hilb
, contradicting the maximality of J.
Embeddings and the General Hyperplane Restriction Theorem
Let B = K[X 1 , . . . , X n ] be a standard graded polynomial ring over a field K, b a homogeneous ideal of B and S = B/b. Denote by I S the poset {J : J is a homogeneous S-ideal} ordered by inclusion, and with H S the poset {Hilb (J) • : J ∈ I S } of all Hilbert functions of the ideals in I S with the usual point-wise partial order. Following [CaKu1] we say that S admits an embedding if there exists an order preserving injection ǫ : H S −→ I S such that the image of any given Hilbert function is an ideal with that Hilbert function. We call any such ǫ an embedding of S. A ring S with a specified embedding ǫ is denoted by (S, ǫ) and, for simplicity's sake, we also let ǫ(I) := ǫ(Hilb (I) • ), for every I ∈ I S . The notion of embedding captures the key property of rings for which an analogous of Macaulay Theorem holds.
Example 2.1 (Three standard examples of embedding). In the following we present some results that can be re-interpreted with the above terminology. [GaPeMu] , there exists a lex-segment ideal L of B such that Hilb (I) = Hilb d≥0 L md and we define ǫ(Hilb (I) • ) := d≥0 L md . We observe that in all of the above examples the image set of ǫ consists of the classes in S of lex-segment ideals; rings with this property are called Macaulay-Lex, cf. for instance [MePe] .
These examples can be derived by general properties of embeddings proved in [CaKu1] . The following theorem generalizes to rings with embedding [HePo] Theorem 3.7 (see also [Ga] Theorem 2.4) valid for polynomial rings.
Theorem 2.2 (General Restriction Theorem). Let (S, ǫ) be a standard graded K-algebra with an embedding and S[Z] a polynomial ring in one variable with coefficients in S.
There exists an embedding ǫ 1 :
Proof. See that of [CaKu1] Theorem 3.9 (see also [CaKu2] Theorem 2.1).
Definition 2.3. Let (S, ǫ) be a ring with an embedding. We say that a K-algebra R embeds into (S, ǫ) and we write (R, S, ǫ) if H R ⊆ H S . Moreover, we say that an ideal I of S is embedded if it is in the image of ǫ. For simplicity's sake, we let again ǫ(I) := ǫ(Hilb (I) • ) for all homogeneous ideals I of R. 
Lemma 2.4. Let R embed into (S, ǫ) and let I ∈ I R . Then, m S ǫ(I) ⊆ ǫ(m R I).

Proof. Since m S ǫ(I) is embedded and embeddings preserve poset structures we only need to show that Hilb (m S ǫ(I))
• ≤ Hilb (ǫ(m R I)) • or, equivalently, that dim K (S 1 ǫ(I)) d+1 ≤ dim K R 1 I d for all d ≥ 0
. Since ǫ(I) contains ǫ((I d )) and they agree in degree d, we have (S 1 ǫ(I)) d+1 = (S 1 ǫ((I d ))) d+1 and its dimension is smaller than or equal to that of ǫ((I
Now it is enough to observe that the latter has the same dimension as R 1 I d . 
Proposition 2.6. Let R embed into (S, ǫ) and let ǫ 1 as in Theorem 2.2. Then R[Z] embeds into (S[Z], ǫ 1 ). Moreover, if I is a Z-stable ideal of R[Z] then
Hilb I + (Z j ) ≥ Hilb ǫ 1 (I) + (Z j ) , for all j.
Proof. Let I be a homogeneous ideal of R[Z]. By Proposition 1.7 there exists a Z-stable ideal of R[Z]
with the same Hilbert function as I so that we may assume that I is Z-stable.
Now we write I as h∈N I h Z h and we let J be the S-module h∈N ǫ(I h )Z h . It is easy to see that J is an ideal of S, for ǫ(I 0 ) ⊆ ǫ(I 1 ) ⊆ · · · , and thus H R[Z] ⊆ H S[Z]
. By Lemma 2.4, m S ǫ(I h+1 ) ⊆ ǫ(I h ) which implies that J is Z-stable. We now have Hilb (I + (Z j )) = Hilb (J + (Z j )) for all j and we can conclude the proof by applying Theorem 2.2 since ǫ 1 (J) = ǫ 1 (I).
We conclude this section with a technical result we need later on.
Lemma 2.7. Let R embed into (S, ǫ) and let ǫ 1 as in Theorem 2.2. If I is a Z-stable ideal of R[Z], then ǫ(I)
Proof. First, we observe that ǫ 1 (I) = ǫ 1 (I) 0 is an embedded ideal of R by Theorem 2.2. By Proposition 2.6, Hilb I for j ≫ 0 by Lemma 1.3, from which we deduce that ǫ(I) j = ǫ 1 (I) j for j ≫ 0. This is enough to complete the proof, since saturation of a homogeneous ideal can be computed by any of its sufficiently high truncations.
The main theorem
In this section we illustrate our main result, which is stated in the next theorem. We say that (R, S, ǫ) is (local) cohomology extremal if, for every homogeneous ideal I of R and all i, one has Hilb 
Theorem 3.1. Let (R, S, ǫ) be cohomology extremal. Then, (R[Z], S[Z], ǫ 1 ) is cohomology extremal.
By recursion, one immediately obtains the natural generalization to the case of m variables. This result can be now recovered from the above corollary, since any field K has a trivial embedding ǫ 0 , so that (K, K, ǫ 0 ) and (A, A, ǫ m ) are cohomology extremal. By Example 2.1 part (i), we know that ǫ m (I) is the lex-segment ideal L. Similarly, Corollary 3.2 implies the following result, which is the analogous inequality, for local cohomology, of that for Betti numbers proved by Mermin and Murai in [MeMu] . For the proof of Theorem 3.1 we need some preparatory facts. First, we observe that for any homogeneous ideal I of R [Z] ,
since I sat and I coincide in high degrees because I sat and I do. It is not difficult to see that, if I is a homogeneous ideal of R, then for all i > 0
cf. for instance [Sb2] Lemma 2.2 for a proof. As an application, when I is a Z-stable ideal of R [Z] and i > 0 one has
, which is clearly equivalent to
We shall also need the observation, yielded by (3.8) together with (3.6), that for a Z-stable
sat is generated by the elements in V 0 ⊕· · ·⊕V d , which also generate in S the ideal I sat . Moreover, cf. Remark 1.2(a), (I sat ) d−j is exactly the vector space V j , for 0 ≤ j ≤ d. The same argument can be repeated for ǫ 1 (I), since it is also Z-stable; therefore, the two terms which appear in the inequality that has to be proven are the values at d of the Hilbert
j respectively, thus the conclusion follows now immediately from Theorem 2.2.
Proof of Theorem 3.1. By Proposition 1.7 we may assume I to be Z-stable in order to prove our thesis 
, for all j. Thus, for all j, Hilb(I : Z j /I) ≤ Hilb (ǫ 1 (I) : Z j /ǫ 1 (I)) which is equivalent to our thesis if j is chosen to be large enough, as we already observed in Remark 1.2 (b).
(R[Z]/I) = 0 there is nothing to prove. Suppose then that this is not the case. Now, an application of (3.7) with d ≫ 0 and for all j ≤ d yields
We now look at the terms appearing in the first sum. By Lemma 2.7, ǫ(I) sat and ǫ 1 (I) sat are equal, and thus (3.6) implies
Hilb I sat sat
Hilb ǫ(I)
Hilb ǫ 1 (I) 12) for Hilb I sat ≤ Hilb ǫ(I) sat descends easily from the fact that (R, S, ǫ) is cohomology extremal considering cohomological degree 0. Since Σ 2 (I) ≥ Σ 2 (ǫ 1 (I)) by Lemma 3.10, (3.12) now implies
and this case is completed. i > 1 By (3.9) and being j<0 t j a series with positive coefficients, we are left to prove the inequality Hilb H
(S/ǫ(I)) for all i > 0, thus we may conclude if we know, and we do by Lemma 2.7, that ǫ(I) and ǫ 1 (I) have the same saturation. Now the proof of the theorem is complete.
4.
A Lex-Plus-Power-type inequality for local cohomology . As before, we let R = A/a and S = B/b and recall that, by ClementsLindström Theorem, S has an embedding whose image set consists of the classes in S of all lex-segment ideals of B. Henceforth, such an embedding will be denoted by ǫ CL . Thus, we may restate EGH in the following way.
Conjecture 4.1 (Eisenbud-Green-Harris) . Let f be as above. Then, R embeds into (S, ǫ CL ).
At the moment there are few cases for which a proof of this conjecture is known, and are essentially contained in [ClLi] , [CaMa] , [Ch] and [Ab] . Yet, Evans wondered if the following far-reaching result on graded Betti numbers holds. The only case in which LPP is known so far is when f is monomial, see [MePeSt] for a proof when d 1 = · · · = d r = 2 and [MeMu] for a proof without restrictions on the degrees. The purpose of this section is to prove in Theorem 4.4 an analogous of the LPP conjecture when we consider local cohomology modules instead of Tor modules. Theorem 4.4 holds not only when f is monomial but also in all the cases for which EGH is known. More precisely, our assumption is to require that at least an Artinian reduction of A/(f ) satisfies EGH.
Let l 1 , . . . , l n−r be a sequence of linear forms such that f , l 1 , . . . , l n−r form an A-regular sequence, which always exists provided that K is infinite. After applying a coordinates change we may assume these linear forms to be X n , . . . , X r+1 . Let f ∈ A = K[X 1 , . . . , X r ] be the image of f modulo X n , . . . , X r+1 . We also let B = A and b be the image of b in B. 
In other words, (R, S, ǫ CL (I)) is cohomology extremal.
Proof. Let I be a homogeneous ideal of R and let J denote its pre-image in A. Clearly, (f ) ⊆ J and, if we let ω be the weight vector with entries ω i = 1 for all i ≤ r and 0 otherwise, then f ∈ P := in ω (J). By hypothesis A/(f ) embeds into (B/b, ǫ CL ), and moreover being both rings Artinian A/(f), B/b, ǫ CL is trivially cohomology extremal. Theorem 3.1 now yields that (A/(f )A, S, ǫ) is also cohomology extremal and ǫ, which is obtained by extending ǫ CL , is precisely the Clements-Lindström embedding ǫ CL of S, cf. Example 2.1 part (ii). By Base Independence of local cohomology and by [Sb] Remark 4.5. Clearly, if EGH were true in general then the assumption on f in Theorem 4.4 would be trivially satisfied and (R, S, ǫ CL ) would be cohomology extremal. It is proven in [CaMa] that if f satisfies EGH then f does, whereas at this point we do not know about the converse. A simple flat deformation argument together with the results of [MeMu] and [MePeSt] shows that LPP holds true when f is a Gröbner basis with respect to some given term order τ . We would like to point out that, under this assumption, the conclusion of Theorem 4.4 holds as well, and we prove our claim in the following lines. Let g = in τ (f 1 ), . . . , in τ (f r ). As in the proof of Theorem 4.4, by [Sb] Theorem 2.4 it is sufficient to bound above Hilb H 
Extremal Betti numbers and LPP
In this section we show how to derive directly from Theorem 4.4 a special case of LPP for Betti numbers. Precisely, we prove that the inequality predicted by LPP holds for those Betti numbers which in the literature, following [BaChPo] , are called extremal. Furthermore, we will show an inclusion between the regions of the Betti tables of R/I and S/ǫ CL where non-zero values may appear, and which are outlined by the positions of the corresponding extremal Betti numbers.
As in the previous section, let f ∈ A = K[X 1 , . . . , X n ] be a homogeneous regular sequence of degrees d 1 ≤ · · · ≤ d r . By extending the field we may assume that |K| = ∞ and up to a change of coordinates, that f , X n , . . . , X n−r+1 form a regular sequence as well. Let M be a finitely generated graded A-module; the following definition was introduced in [BaChPo] 
The reason for this terminology is that extremal Betti numbers correspond to certain corners in the output of Macaulay2 [M2] command for computing Betti diagrams. Let I be a homogeneous ideal of A and denote by Gin(I) the generic initial ideal of I with respect to the reverse lexicographic order, cf. [Gr2] and [Ei] for more details on generic initial ideals. The interest in extremal Betti numbers comes from the fact, proved in [BaChPo] and [Tr] , that A/I and A/ Gin(I) have the same extremal Betti numbers, and therefore same corners. Since projective dimension and Castelnuovo-Mumford regularity can be computed from corners, this result is a strengthening of the well-known Bayer-Stillman Criterion [BaSt] . In the proof, one can use the fact that the extremal Betti numbers of M can be computed directly from the Hilbert functions of certain local cohomology modules, and in particular from the considerations in [BaChPo] or [Tr] one can deduce that, for any finitely generated graded A-module M Proof. If n = 1 there is nothing to prove. Thus, let n ≥ 2 and observe that, if (i, j − i) is also a corner of R/I then the conclusion is straightforward by the use of Theorem 4.4 and (5.1). Otherwise, since Theorem 4.4 yields reg h (R/I) ≤ reg h (S/ǫ CL (I)) for all h, then reg n−i (R/I) < reg n−i (S/ǫ CL (I)) = j − i. Proof. Theorem 4.4 implies that reg h (R/I) ≤ reg h (S/ǫ CL (I)) for all h. Since (i, j − i) is a corner of R/I, by (5.2) reg n−i (R/I) = j − i and, therefore, reg n−i (S/ǫ CL (I)) ≥ j − i. By (5.3) we know that reg n−i (S/ǫ CL (I)) = j ′ − i ′ for some corner (i ′ , j ′ − i ′ ) of S/ǫ CL (I) satisfying i ′ ≥ n − (n − i) = i, as we desired.
